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• Analytical Method vs. Numerical Method (1/3)
• !"#$%&'(#$)*+&,-.
• !"

• !"# $%& '() *+,- ./0 12 345 678 9:
,; <=>

• #$
• 345 !"# ?@'A B%2 C+DE FG B45 H) 9:I 
! JK

• %$
• #L5 !"# $%& '(' MN,; ./EO #+I ! JK
• PQ6R'A ST$U VW XY5 ZR) [; \]^E #+,; 
_E `ab' Jcd eW \f' ghi

• Sj !"# klU m. n@' ohD

!" (1/10)
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• Analytical Method vs. Numerical Method (2/3)
• Numerical Method
• !"

• pqrstuvwrsxyzu{|}8x~kx`a�x./2x1�,kx�1x�X#�x
���x'���x�S%�#x<=)xC+Dc8�x!�#x=C�)x
��,;x<=>x

• #$
• XY,�A 1�#c8 1�,k `a� ./E �1 =C12 /?
,S, ��5 �60 ./E ��,� #+I ! JK

• %$
• =C�)x/?DExFGx�T2x�DIx!xJS�x';x��#c8x
/?,;x=C10xB4REx��)x��x!xJK

!" (2/10)
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• Analytical Method vs. Numerical Method (3/3)
•/0 1
• e.g., 2& '!( 2𝑥! − 5𝑥 + 2 = 0" )*

!" (3/10)

• pqrstuvwrs yzu{|}
• !"#$%&'#()#*+#,-#.& /𝑥 = !"± "!!$%&

'%
0 12

1. 𝑥 = !(!#)± (!#)!!&(')(')
'(')

2. 𝑥( = 2, 	 𝑥' =
(
'

• Numerical Method
• 34#,1567#$8#9#6:;#<=>?8@#12

1. !"	#	$"%	&"'(	)*	+, 𝑎, 𝑏 -	./0	1,2,3	𝑐 = (𝑎 + 𝑏) / 24	567
2. 𝑐%8 𝑓(𝑐)9	:;4	*<=>	7?	𝑓(𝑐)4	@A7
3. !"	BC	+,	( 𝑎, 𝑐 DE 𝑐, 𝑏 )%	FEG	HI7
4. +,	[𝑎, 𝑏]4	!-	J7KE	KL	+,=>	MN"O7
5. PKE	/Q'	?R%	'ST	UVG	1~4I54	<W7
6. XY	Z[E	𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 𝑀𝑒𝑡ℎ𝑜𝑑\	]$0	!$^(𝑥 ≒ 2_	𝑥 ≒ (

'
)>	'`a

ABC)>5D)EFGHI JKL 
MNO(2𝑥" − 5𝑥 + 2 = 0) 

P QR BSTU



!""#"$%& '"%()*+","-".)/%&0%11+0%&)234567)8)9:; V

!" (4/10)
•#$%&(𝑔(𝑋)'(:;<
•23
• +,-./𝑋0/+,12 𝑓(𝑥)3/04/5/+,-./𝑔(𝑋)"/
678

•45
• 𝑋0/9:;</=>?/𝜇"($) = 𝐸 𝑔 𝑋 = ∑& 𝑔 𝑥 𝑓(𝑥)
• 𝑋0/@A;</=>?/𝜇"($) = 𝐸 𝑔 𝑋 = ∫'(

( 𝑔 𝑥 𝑓 𝑥 𝑑𝑥

•67
• +,-./𝑋3/B)/CDE/+,F/GH9I/JKL/MN
OPQ/R/5/STU

v 𝑔(𝑋)A#BCDE 𝑋FGHI7BCDE
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!" (5/10)
•#$%&(𝑔(𝑋)'(+,
•23
• +,-./𝑋0/+,12 𝑓(𝑥)3/04/5/+,-./𝑔(𝑋)"/
89/67V𝜇"($)WXDYZ/[\]/!^"/67

•45
• 𝑋0/9:;</=>
?𝜎!"($) = 𝐸 𝑔 𝑋 − 𝜇"($)

! = ∑& 𝑔 𝑥 − 𝜇"($)
!𝑓(𝑥)

• 𝑋0/@A;</=>
?𝜎!"($) = 𝐸 𝑔 𝑋 − 𝜇"($)

! = ∫'(
( 𝑔 𝑥 − 𝜇"($)

!𝑓(𝑥) 𝑑𝑥

v 𝑔(𝑋)A#BCDE 𝑋FGHI7BCDE
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!" (6/10)

!"#$%𝑿&%!"'()%*+,%-.%/012%3%𝒈 𝑿 = 𝟐𝑿 + 𝟑&%'42%54
67

• ��x��
• 𝜇CDEF = 𝐸 2𝑋 + 3 = ∑GHIF 2𝑥 + 3 𝑓 𝑥 = 6

• 𝜎C ��
• 𝜎CCDEF = 𝐸 2𝑋 + 3 − 𝜇CDEF C = 𝐸 2𝑋 + 3 − 6 C

= 𝐸 4𝑋C − 12𝑋 + 9 = 1
GHI

F

4𝑥C − 12𝑥 + 9 𝑓 𝑥 = 4

𝑥 0 1 2 3

𝑓(𝑥) 1
4

1
8

1
2

1
8
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•=>(?@AA(B(CDE(FG(=H

!" (7/10)

8%9:%;<%=>?@%+A&%B%C$D%!"#$%𝑋7E%F%3G%!"#$%𝑿&%
!"'(@%*+,%-*H

=>I%+A%C$J%K7%LM)%N@%B%$O PQRS%T%UVW%𝑔 𝑋 = 2𝑋 + 37E%
F%3G%8%9:%;<%LM%$O&%XY,%'42%Z67

• ��x��
• 𝜇CDEF = 𝐸 2𝑋 + 3 = ∑GHIF 2𝑥 + 3 𝑓 𝑥 = 6

• 𝜎C ��
• 𝜎CCDEF = 𝐸 2𝑋 + 3 − 𝜇CDEF C = 𝐸 2𝑋 + 3 − 6 C

= 𝐸 4𝑋C − 12𝑋 + 9 = 1
GHI

F

4𝑥C − 12𝑥 + 9 𝑓 𝑥 = 4

𝑥 0 1 2 3

𝑓(𝑥) 1
4

1
8

1
2

1
8
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•=>(?@IJ(?@AK

!" (8/10)

𝑋D%!"[\]$ 𝑓 𝑥 = -
!)

"
, −1 < 𝑥 < 2
0, otherwise

D%)^@%!"#$7E%F%3G !"

#$%𝒈 𝑿 = 𝟒𝑿 + 𝟑&%_`a,%'42%Z67

• 𝐸 𝑔 𝑋 = 𝐸 4𝑋 + 3 = ∫LM
C (NGEF)G(

F
𝑑𝑥 = M

F∫LM
C 4𝑥F + 3𝑥C 𝑑𝑥 = 8

• 𝜎CNDEF = 𝐸 4𝑋 + 3 − 𝜇NDEF C = 𝐸 4𝑋 + 3 − 8 C = 𝐸 4𝑋 − 5 C

= 7
LM

C
(4𝑥 − 5)C

𝑥C

3 𝑑𝑥 =
1
3
7
LM

C
16𝑥N − 40𝑥F + 25𝑥C 𝑑𝑥 =

51
5
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•=>(?@IJ(?@AK(B(CDE(FG(=H

!" (9/10)

!"#$ 𝑋D%8%b:&%cde%#fg.7E%F%3G%!"#$%𝑿&%[\]$)

𝑓 𝑥 = <
𝑥#

3 , −1 < 𝑥 < 2

0, otherwise
.*H
𝒈 𝑿 = 𝟒𝑿 + 𝟑.%hi%jkA%#fgPQRS%dUV2%lmn*E%F%3G%hi%jkA%
#fg&%_`a,%'42%Z67

• 𝐸 𝑔 𝑋 = 𝐸 4𝑋 + 3 = ∫LM
C (NGEF)G(

F
𝑑𝑥 = M

F∫LM
C 4𝑥F + 3𝑥C 𝑑𝑥 = 8

• 𝜎CNDEF = 𝐸 4𝑋 + 3 − 𝜇NDEF C = 𝐸 4𝑋 + 3 − 8 C = 𝐸 4𝑋 − 5 C

= 7
LM

C
(4𝑥 − 5)C

𝑥C

3 𝑑𝑥 =
1
37LM

C
16𝑥N − 40𝑥F + 25𝑥C 𝑑𝑥 =

51
5
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•/0 12
•23
• _` -.a9 bb" cde f.g h)i j, k *la9 
mni ;o

•67
• -.	𝑋), 𝑋!, ⋯ , 𝑋*l b -.p qrOs f. 𝑎), 𝑎!, ⋯ ,
𝑎*p q) 𝑎)𝑋) + 𝑎!𝑋! +⋯+ 𝑎*𝑋*XD tGU
• u;*mv +,-." =>, w x 9H" +,-.0 bb
" cde f.g h)i j m)yz CDE +,-.3 
;{Os |L "}~
• e.g., 𝑍 = 𝑎𝑋 + 𝑏𝑌

!" (10/10)
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•&LF(:;<MNOPQRSOPTUOV(WXYRUPOPTZ[\(MA]?\
•23
• +,-.0/�R/./�s/bb"/8p/k/89/��R/+,L/
h�/j/�w/�O_/f:v/+,-."/678

•89
• +,-./𝑋"/67V����/��/���/������/��������/𝑋W
• 𝑋"/+,12"/67V����/��/���/�����������/������������/
��/𝑋W
• 𝜇$�/𝜇

•45
• 𝑋0/9:;</=>?/𝜇 = 𝐸 𝑋 = ∑& 𝑥𝑓(𝑥)
• 𝑋0/@A;</=>?/𝜇 = 𝐸 𝑋 = ∫'(

( 𝑥𝑓(𝑥) 𝑑𝑥

#$%&' () (1/16)
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•&LF(:;<MNOPQRSOPTUOV(WXYRUPOPTZ[\(MK]?\
•:;<)=>?@A
• :�67l"/��/V� ¡W

• �l��Wx� x�'x¡¢5x4£)x¤¥�Sx¤B,;x�¦�x
!"#xk��Wx§x�UEx1¨,;x4£)xSaD

• !"#xk��0x©ª�x�U¤x«¬Ix¤­RExFGx¤®�2x¯-
Dc8�x°±x²�0x³4±R)x´xµx��D

• �l��Wx±/x¶·¸x_'¹0x��)xAº»;x�¦�x!"#x
k��Wx'(#�x4£¼�ExF½x�¾0x��#xk��2xAº¿
• JKLKM#NOFP#QR#S=T-#UVWXY'#ZU6[#E\]#)^Y_#`ab
cdeM#NO#f_-#ghi'#Wjk#E#lm

#$%&' () (2/16)

𝜇 = 𝐸 𝑋 =?
!

𝑥𝑓(𝑥)

= 𝑥$𝑓 𝑥$ + 𝑥#𝑓 𝑥# +⋯

𝑥$ + 𝑥# + 𝑥" +⋯+ 𝑥%
n

= 𝑥$
1
𝑛 + 𝑥#

1
𝑛 +⋯+ 𝑥%

1
𝑛
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•&LF(:;<MNOPQRSOPTUOV(WXYRUPOPTZ[\(M^]?\
•:;<)=B?@A
• :�67l"/��/V¢ ¡W

• �l��WxÀÁ#�x�UÂzÃÄÃ�xÅªxÆWx4£8x«¬,;xCÇ'
nOxÈx��É'xÊx©ªË2x��,nxÌ,nO�xk��Wx§x�U
0x4£)xSa,-x'2x��D
• JKLKM#^no pq rsF tu vOw xy

#$%&' () (3/16)

jk%op@%*q8%rs&%jk2%=>6E%t*H
• uvw%phPxHyHG%zg%pEG%{W%f|%}VS%~�!"%��G%jk�%�G���b�
• `vw%phPxHyHG%`^�VS%~�!"%�H����G%jk�%�G���G���b�

�$��%_`a�
• uvw%ph&%_`aS%�G���b�%� �H�� � ��b�
• `vw%ph&%_`aS%�G���G���b�%� �H����� � ��b�
• $��%_`aS%��b�%� ��b�%� ��b�
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•&LF(:;<MNOPQRSOPTUOV(WXYRUPOPTZ[\(M?]?\
•:;<)=@?@A
• :�67l"/��/V¡ ¡W

• �l��WxÀÁ#�x�UÂzÃÄÃ�xÅªxÆWx4£8x«¬,;xCÇ'
nOxÈx��É'xÊx©ªË2x��,nxÌ,nO�xk��Wx§x�U
0x4£)xSa,-x'2x��D
• JKLKM#^no pq rsF tu vOw xy

#$%&' () (4/16)

jk%op@%*q8%rs&%jk2%=>6E%t*H
• uvw%phPxHyHG%zg%pEG%{W%f|%}VS%~�!"%��G%jk�%�G���b�
• `vw%phPxHyHG%`^�VS%~�!"%�H����G%jk�%�G���G���b�
�4�XY�
jk� ^� ph. B 100o ~����, � � 99o@ uvw ph.E, 1o@ 
`vw ph� 9
• uvw%phB%jk�S 99 � 5,000b� = 495,000b�
• `vw%ph%B%jk�S � � 1,000,000b� = 1,000,000b�
• 4�XY%jk�S%1,495,000b� / 100 = 14,950b�
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•=>(?@A

#$%&' () (5/16)

���pU.% �C&%����%Z�?0%t@%��D%�p6�E%8*H% d�%.%
��J% C&%q¡8%��,%¢C&%£].%t@%��.%¤0%t*E%6¥G%�pU
.%¢C&%��2%¦§6¨2%3%lml@%q¡8%��&%XYC$D%Z67H

• 4£Í!x𝑋ÎxÏ:¸xÐÑEx�DÒ;x�Ó5x¯Ô0x!

• 𝑓 𝑥 =
N
G

F
FLG
O
F

, 𝑥 = 0, 1, 2, 3

• 𝑓 0 = M
FP
, 𝑓 1 = MC

FP
� 𝑓 2 = MQ

FP
� 𝑓 3 = N

FP

• 𝜇 = 𝐸 𝑋 = 0 M
FP

+ 1 MC
FP

+ 2 MQ
FP

+ 3 N
FP

= MC
O
= 1.7
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#$%&' () (6/16)

&A__%©=U.%0ª%«%¬%E­2%dl®%?¯*H%°%±²%E­,%³´)%�p
µ%)¶�W%���.E%.%·¸%¹����2%º®%?�G ¬%±²%E­,@% ��&%³´%
�»%)¶�J%�»%9%¹����2%º®%I*H%¼%E­,&%³´%£,@%½�%¾¿�
.7E%F%3G%�)%_`F%$%t@%�»%j$@%ÀÁÂ)Ã

• 4£Í!x𝑋Îx0ÕkkxÖ×$0xR?xØ!

• 𝑓 $0 = 1 − 0.7 1 − 0.4 = 0.18, 𝑓 $1000 = 0.7 1 − 0.4 = 0.42,
𝑓 $1500 = 1 − 0.7 0.4 = 0.12, 𝑓 $2500 = 0.7 0.4 = 0.28

• 𝐸 𝑋 = $0 0.18 + $1000 0.42 + $1500 0.12 + $2500 0.28 =
$1300
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#$%&' () (7/16)

0Ä% ÅÆÇÈ&% $ÉPQRS% 9:V2% !"#$% 𝑋7E% 6ÆH% !"[\]$)

𝑓 𝑥 = -
20,000
𝑥"

, 𝑥 > 100

0, otherwise
�%/012%3%.%ÇÈ&%_`$É2%Z67

• 𝜇 = 𝐸 𝑋 = ∫MII
R 𝑥 CI,III

G)
𝑑𝑥 =∫MII

R CI,III
G(

𝑑𝑥 = 200

• FGÙ�xmÚÛ�0x!3Wx��#c8xÜÝÝ\fÞ
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#$%&' () (8/16)
•#$%&(𝑔(𝑋)'(:;<(MA]K\
•23
• +,-./𝑋0/+,12 𝑓(𝑥)3/04/5/+,-./𝑔(𝑋)"/
678

•45
• 𝑋0/9:;</=>?/𝜇"($) = 𝐸 𝑔 𝑋 = ∑& 𝑔 𝑥 𝑓(𝑥)
• 𝑋0/@A;</=>?/𝜇"($) = 𝐸 𝑔 𝑋 = ∫'(

( 𝑔 𝑥 𝑓 𝑥 𝑑𝑥

v 𝑔(𝑋)A#BCDE 𝑋FGHI7BCDE
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#$%&' () (9/16)
•#$%&(𝑔(𝑋)'(:;<(MK]K\
•67
• +,-./𝑋3/B)/CDE/+,F/GH9I/JKL/MN
OPQ/R/5/STU
• zÃÄÃ�xßàá0x¢¢x×Åâxã·

ÊËÌ2%ÍÎ6@%pÇW%>�%*q8%$&%E­.%ÏÐ6E%¼¼%*Ñ%q&%
ÊËD%Z>8*@%Ò2%ÓE%t*H .%3G pÇW%6ÔJ%=>µ%ÊË&%Bg2%
ÕÖ6EÆ%8*H

• ,äEx å.,;x Sæx !2x 4£Í! 𝑋� Sæ'x çÅIx ßà0x �)x
Aº»;x D!2x 𝑔(𝑋)GSx,ÚÃ ��#c8x §x Sæ'x Üè0x ßà2x
çÅD)xéêë)xì� 𝑔 𝑋 = 2𝑋'�Ã

• 𝜇S(D) = 𝐸 𝑔 𝑋 = ∑G 𝑔 𝑥 𝑓 𝑥 = ∑G 2𝑥𝑓 𝑥 0x @)x í1x ßàáWx ¢¢x
×Åâ)xã·Ix!xJK
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#$%&' () (10/16)

0ª%×Ø8%�Ù�%ÚÛ%  9J½% �9%p.J%ÜzÇJ½%½cÝD%Þ@%z&%
$D%𝑋7E%F%3G%𝑿&%!"'()%*+,%-*E%6ÆH

𝒈 𝑿 = 𝟐𝑿 − 𝟏2% rßU.% Þ@% $àPQRS% b�V.7E% F% 3G% .% 9:`&%
rßU&%_`$O2%Z67

• 𝐸 𝑔 𝑋 = 𝐸 2𝑋 − 1 = ∑GHNT 2𝑥 − 1 𝑓(𝑥)

= 7
1
12

+ 9
1
12

+ 11
1
4
+ 13

1
4
+ 15

1
16

+ 17
1
6

= $12.67

𝑥 4 5 6 7 8 9

P 𝑋 = 𝑥 1
12

1
12

1
4

1
4

1
6

1
6
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#$%&' () (11/16)

!"#$%𝑿&%[\]$)

𝑓 𝑥 = <
𝑥#

3
, −1 < 𝑥 < 2

0, otherwise
�%3G%𝒈 𝑿 = 𝟒𝑿 + 𝟑&%_`a2%Z67

• 𝐸 𝑔 𝑋 = 𝐸 4𝑋 + 3

= 7
LM

C (4𝑥 + 3)𝑥C

3 𝑑𝑥

=
1
37LM

C
4𝑥F + 3𝑥C 𝑑𝑥 = 8

+#z{-#`|}#D5~'#BCDE 𝑋��
k#�M#BCDE#𝑿-#��bEj

𝑓 𝑥 = *
𝑥'

3 , −1 < 𝑥 < 2

0, otherwise
=�K
𝒈 𝑿 = 𝟒𝑿 + 𝟑j# ��# vO�# D5~/�*A#
|�0'#:g���#k#�M#��#vO�#D5~
-#)^Y'#�6�
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#$%&' () (12/16)
•#$%&(𝑔(𝑋, 𝑌)'(:;<(MA]^\
•23
• +,-./𝑋C)𝑌D)EFGHIJ)𝑓(𝑥, 𝑦)K)DL)M)GH
NO 𝑔(𝑋, 𝑌)3)PQR

•45)=>?BA
• 𝑋g/𝑌0/9:;</=>
?/𝜇"($,,) = 𝐸 𝑔 𝑋, 𝑌 = ∑&∑-𝑔 𝑥, 𝑦 𝑓(𝑥, 𝑦)
• 𝑋g/𝑌0/@A;</=>
?/𝜇"($,,) = 𝐸 𝑔 𝑋, 𝑌 = ∫'(

( ∫'(
( 𝑔 𝑥, 𝑦 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦
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#$%&' () (13/16)
•#$%&(𝑔(𝑋, 𝑌)'(:;<(MK]^\
•67
• w/+,-./𝑋, 𝑌0/*mO_/��Os/GHL/1£O¤I/
¥¦Os/§/¨TU
• zÃÄÃ�x¤B0xîfxmkhïxã·

)áJ½&%*q8%Å_%â�2%pã6_%R8%Å_&%Ù�W%pã8%Åäg,%
Å_%Q)J%K7%b7�*H%

• ,äxmkxC+â)x4£Í!x𝑋�xmkxÁ¤2x4£Í!	𝑌�x,äxmkxC+
âUxÁ¤ExF½xîfxmkhï)x��,;xD!2x𝑔(𝑋, 𝑌)GSx,ÚÃ

• 𝑓 𝑥, 𝑦 ;x,äxmkxC+âUx1¨,;xmkxÁ¤0x�Lx4£xð9xD!
• 5xñ)xòÝ¢8x¤B,¦�x𝑔 𝑋, 𝑌 = 30𝑋𝑌'�Ã
• 𝜇S(D,U) = 𝐸 𝑔 𝑋, 𝑌 = ∫LR

R ∫LR
R 𝑔 𝑥, 𝑦 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 =

∫LR
R ∫LR

R 30𝑥𝑦𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦)x í1x ¤B0x îfx mkhï)x ã·Ix !x
JK

v𝑓 𝑥, 𝑦 A#BCDE 𝑋FGHI7BCDE
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•=>(?@_

#$%&' () (14/16)

𝑋å	𝑌D%*+,%-W%£æ!"'(D%)^@%!"#$7%F%3G%𝒈 𝑿, 𝒀 = 𝑿𝒀&%
_`a2%Z67

• 𝐸 𝑔 𝑋, 𝑌 = 𝐸 𝑋𝑌

= 1
GHI

C

1
VHI

C

𝑥𝑦𝑓 𝑥, 𝑦 = 0 0 𝑓 0,0 + 0 1 𝑓 0,1 + 1 0 𝑓 1,0

+ 1 1 𝑓 1,1 + 2 0 𝑓(2,0) = 𝑓 1,1 =
3
14

𝒇(𝒙, 𝒚)
𝒙

Z[)\
Y D <

𝒚

Y 3
28

9
28

3
28

15
28

D 3
14

3
14

Y 3
7

< 1
28

Y Y 1
28

][)\ 5
14

15
28

3
28

D
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•=>(?@`

#$%&' () (15/16)

*+,%-W%£æ[\]$J%`6ç%𝑬 𝒀
𝑿
D%Z67

𝑓 𝑥, 𝑦 = <
𝑥(1 + 3𝑦#)

4 , 0 < 𝑥 < 2, 0 < 𝑦 < 1

0, otherwise

• 𝐸 W
D

= 7
I

M
7
I

C𝑦(1 + 3𝑦C)
4

𝑑𝑥 𝑑𝑦 = 7
I

M𝑦 + 3𝑦F

2
𝑑𝑦

=
5
8
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#$%&' () (16/16)
•#$%&(𝑔(𝑋, 𝑌)'(:;<(M^]^\
•45)=B?BA
• 𝑔 𝑋, 𝑌 = 𝑋9P�/𝑋"/©-120/𝑔(𝑋)</=>

• 𝑋?(𝑌@(ABCD(E1F(E X = ∑?∑@ 𝑥𝑓(𝑥, 𝑦) = ∑? 𝑥𝑔(𝑥)
• 𝑋?(𝑌@(<GCD(E1F(E X = ∫AB

B ∫AB
B 𝑥𝑓 𝑥, 𝑦 𝑑𝑦 𝑑𝑥 =

∫AB
B 𝑥𝑔(𝑥) 𝑑𝑥

• 𝑔 𝑋, 𝑌 = 𝑌9P�/𝑌"/©-120/ℎ(𝑦)</=>
• 𝑋?(𝑌@(ABCD(E1F(E Y = ∑@∑? 𝑦𝑓(𝑥, 𝑦) = ∑@ 𝑦ℎ(𝑦)
• 𝑋?(𝑌@(<GCD(E1F(E Y = ∫AB

B ∫AB
B 𝑦𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 =

∫AB
B 𝑦ℎ(𝑦) 𝑑𝑦
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•!"
•#$%&'()*
•+,-(.+,
•/0123(#$%&'()*-(+,
•4567(89

( )
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*+, -*+ (1/25)
•+,MaObTO[UR\(MA]K\
•23
• +,-.0 678XDYZ ª«I ¬y �s­3 ¦!Os 
BfF ®^

•45
• �1:(𝜎!): 𝜎! = )

.
∑/0). (𝑥/ − 𝜇)!

• t¯1:(𝑠!): 𝑠! = )
*')

∑/0)* (𝑥/ − 𝑥̅)!
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*+, -*+ (2/25)
•+,MaObTO[UR\(MK]K\
•:;<
• 1:° §9Z" -±{L ¦!~XD² ³´{, µ+¶{, 
·¸^ ¹L 60~
• e.g., ó@ ôÚ \

ABC)>5<)G^E)D_)`ab)67GcU ABC)>5=)G^E)=_)`ab)67GcU
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*+, -*+ (3/25)
•#$%&(𝑋'(+,(MA]?\
•23
• +,-./𝑋0/+,12 𝑓(𝑥)g/67/𝜇3/04/5/+,-."/
89/67V𝜇WXDYZ/[\]/!^"/67

•89
• 𝑉𝑎𝑟 𝑋 , 𝜎!$

•45)=>?@A
• 𝑋0/9:;</=>?/𝜎! = 𝐸 𝑋 − 𝜇 ! = ∑& 𝑥 − 𝜇 !𝑓(𝑥)
• 𝑋0/@A;</=>?/𝜎! = 𝐸 𝑋 − 𝜇 ! = ∫'(

( 𝑥 − 𝜇 !𝑓(𝑥) 𝑑𝑥
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*+, -*+ (4/25)
•#$%&(𝑋'(+,(MK]?\
•45)=B?@A
• 𝜎! = 𝐸 𝑋 − 𝜇 !

• H𝑥 − 𝜇)I(JKLM(NOP8QRM(STHUVWXYZX[\]^_(`a(
𝜎CI(STb_(4c(deM(NOf(M.g

• 𝑥HJKL]bA(𝜇HNO]_(@hijk(lBM(Lm(no
• lBM(pM(deq(𝜎I(𝑋M(rsSTHtZY\uYvu(UVWXYZX[\]^
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*+, -*+ (5/25)
•#$%&(𝑋'(+,(M^]?\
•45)=@?@A
• 𝜎! = 𝐸 𝑋! − 𝜇!

𝜎# =?
!

𝑥 − 𝜇 #𝑓 𝑥 =?
!

𝑥# − 2𝜇𝑥 + 𝜇# 𝑓(𝑥)

=?
!

𝑥#𝑓 𝑥 − 2𝜇?
!

𝑥𝑓 𝑥 + 𝜇#?
!

𝑓(𝑥)

á&J%&è½%𝜇 = ∑! 𝑥𝑓(𝑥).EG ∑! 𝑓(𝑥) = 1.é�

𝜎# =?
!

𝑥#𝑓 𝑥 − 𝜇# = 𝐸 𝑋# − 𝜇#
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•#$%&(𝑋'(+,(M?]?\
•:;<
• �1:l"/��

• �¼�Wx±/x·B¸x_'¹0xÍ¡R)x��,;x�¦�x4£Í!
0x¼�Wx'(#�x4£x�õ0xÍ¡R)xAº¿

• ±/x_'¹¤xö÷x«¬,nxøù�Ax¶úIx!xû;x©ª�x4£
Í!0x¼�)xí1x�ü0x³4±RxÏBx¤­
• JKLKM#)�#��

*+, -*+ (6/25)

𝜎' = 𝐸 𝑋 − 𝜇 ' =]
*

𝑥 − 𝜇 '𝑓(𝑥)

= 𝑥( − 𝜇 '𝑓(𝑥() + 𝑥' − 𝜇 '𝑓(𝑥') + ⋯

𝜎' =
1
𝑁]
+,(

-

(𝑥+ − 𝜇)'

= (𝑥# − 𝜇)"
1
𝑁

+ (𝑥" − 𝜇)"
1
𝑁

+⋯+ (𝑥$ − 𝜇)"
1
𝑁
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•=>(?@c

*+, -*+ (7/25)

êå%ë ¬%opJ½%0ª%«%pßì���%pãI%Æ;z&%$D%!"#$%𝑋7E%
6ÆH ê opJ%`8%!"'(å%ë opJ%`8%!"'()%¼¼%*+,%-*H

ë%opJ%`8%!"'(&%'4.%ê op&%'4j*%í2%jç7

• �#�1
• 𝜇* = 𝐸 𝑋 = 1 0.3 + 2 0.4 + 3 0.3 = 2.0
• 𝜎*' = ∑+,-. 𝑥 − 2 '𝑓 𝑥

= 1 − 2 ' 0.3 + 2 − 2 ' 0.4 + 3 − 2 ' 0.3 = 0.6

• �#�1
• 𝜇/ = 𝐸 𝑋 = 0 0.2 + 1 0.1 + 2 0.3 + 3 0.3 + 4 0.1 = 2.0
• 𝜎*' = ∑+,0$ 𝑥 − 2 '𝑓 𝑥

= 0 − 2 ' 0.2 + 1 − 2 ' 0.1 + 2 − 2 ' 0.3 + 3 − 2 ' 0.3 + 4 − 2 ' 0.1 = 1.6

𝑥 1 2 3

𝑓(𝑥) 0.3 0.4 0.3

𝑥 0 1 2 3 4

𝑓(𝑥) 0.2 0.1 0.3 0.3 0.1
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•=>(?@d

*+, -*+ (8/25)

�47Â���î%¢C&%��2%¦§6ç%�p6¨2%3%£].%t@%��&%$D%
!"#$%𝑋7E%6ÆH 𝑿&%!"'()%*+,%-2%3G ï𝝈𝟐 = 𝑬 𝑿𝟐 − 𝝁𝟐ðD%.ã
6ç%𝝈𝟐2%5467

• ��x��
• 𝜇 = 0 0.51 + 1 0.38 + 2 0.10 + 3 0.01 = 0.61

• 𝐸 𝑋C ��
• 𝐸 𝑋C = 0 0.51 + 1 0.38 + 4 0.10 + 9 0.01 = 0.87

• 𝜎C ��
• 𝜎C = 𝐸(𝑋C) − 𝜇C = 0.87 − 0.61 C = 0.4979

𝑥 0 1 2 3

𝑓(𝑥) 0.51 0.38 0.10 0.01
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•=>(?@Ae

*+, -*+ (9/25)

0ª% ñòó&% /à% ô7&% $ÙPQRS ����õîV)% *+,% -W% !"'(D%
)^@%!"#$%𝑿7E%F%3G 𝑿&%XY,%'42%Z67

𝑓 𝑥 = V2(𝑥 − 1), 1 < 𝑥 < 2
0, otherwise

• ��x��
• 𝜇 = 𝐸 𝑋 = 2∫M

C 𝑥 𝑥 − 1 𝑑𝑥 = P
F

• 𝐸 𝑋C ��
• 𝐸 𝑋C = 2∫M

C 𝑥C 𝑥 − 1 𝑑𝑥 = MO
`

• 𝜎C ��
• 𝜎C = 𝐸(𝑋C) − 𝜇C = MO

`
− P

F

C
= M

MQ
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*+, -*+ (10/25)
•#$%&(𝑔(𝑋)'(+,
•23
• +,-./𝑋0/+,12 𝑓(𝑥)3/04/5/+,-./𝑔(𝑋)"/
89/67V𝜇"($)WXDYZ/[\]/!^"/67

•45
• 𝑋0/9:;</=>
?𝜎!"($) = 𝐸 𝑔 𝑋 − 𝜇"($)

! = ∑& 𝑔 𝑥 − 𝜇"($)
!𝑓(𝑥)

• 𝑋0/@A;</=>
?𝜎!"($) = 𝐸 𝑔 𝑋 − 𝜇"($)

! = ∫'(
( 𝑔 𝑥 − 𝜇"($)

!𝑓(𝑥) 𝑑𝑥

v 𝑔(𝑋)A#BCDE 𝑋FGHI7BCDE



!""#"$%& '"%()*+","-".)/%&0%11+0%&)234567)8)9:; ><

•=>(?@AA

*+, -*+ (11/25)

!"#$%𝑿&%!"'()%*+,%-.%/012%3%𝒈 𝑿 = 𝟐𝑿 + 𝟑&%'42%54
67

• ��x��
• 𝜇CDEF = 𝐸 2𝑋 + 3 = ∑GHIF 2𝑥 + 3 𝑓 𝑥 = 6

• 𝜎C ��
• 𝜎CCDEF = 𝐸 2𝑋 + 3 − 𝜇CDEF C = 𝐸 2𝑋 + 3 − 6 C

= 𝐸 4𝑋C − 12𝑋 + 9 = 1
GHI

F

4𝑥C − 12𝑥 + 9 𝑓 𝑥 = 4

𝑥 0 1 2 3

𝑓(𝑥) 1
4

1
8

1
2

1
8
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•=>(?@AA(B(CDE(FG(=H

*+, -*+ (12/25)

8%9:%;<%=>?@%+A&%B%C$D%!"#$%𝑋7E%F%3G%!"#$%𝑿&%
!"'(@%*+,%-*H

=>I%+A%C$J%K7%LM)%N@%B%$O PQRS%T%UVW%𝑔 𝑋 = 2𝑋 + 37E%
F%3G%8%9:%;<%LM%$O&%XY,%'42%Z67

• ��x��
• 𝜇CDEF = 𝐸 2𝑋 + 3 = ∑GHIF 2𝑥 + 3 𝑓 𝑥 = 6

• 𝜎C ��
• 𝜎CCDEF = 𝐸 2𝑋 + 3 − 𝜇CDEF C = 𝐸 2𝑋 + 3 − 6 C

= 𝐸 4𝑋C − 12𝑋 + 9 = 1
GHI

F

4𝑥C − 12𝑥 + 9 𝑓 𝑥 = 4

𝑥 0 1 2 3

𝑓(𝑥) 1
4

1
8

1
2

1
8
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•=>(?@AK

*+, -*+ (13/25)

𝑋D%Õâ%  H�&% !"[\]$ 𝑓 𝑥 = -
!)

"
, −1 < 𝑥 < 2
0, otherwise

D%)^@%!"#$7E%

F%3G !"#$%𝒈 𝑿 = 𝟒𝑿 + 𝟑&%'42%Z67

• ã/xýÃþ2xí1x𝜇NDEF = 8Þ)xéêD
• 𝜎CNDEF = 𝐸 4𝑋 + 3 − 𝜇NDEF C = 𝐸 4𝑋 + 3 − 8 C = 𝐸 4𝑋 − 5 C

= 7
LM

C
(4𝑥 − 5)C

𝑥C

3 𝑑𝑥 =
1
37LM

C
16𝑥N − 40𝑥F + 25𝑥C 𝑑𝑥 =

51
5
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•=>(?@AK(B(CDE(FG(=H

*+, -*+ (14/25)

!"#$ 𝑋D%8%b:&%cde%#fg.7E%F%3G%!"#$%𝑿&%[\]$)

𝑓 𝑥 = <
𝑥#

3 , −1 < 𝑥 < 2

0, otherwise
.*H
𝒈 𝑿 = 𝟒𝑿 + 𝟑)%hi%jkA%#fgPQRS%dUV2%lmn*E%F%3G%hi%jkA%
#fg&%_`a,%'42%Z67

• 𝐸 𝑔 𝑋 = 𝐸 4𝑋 + 3 = ∫LM
C (NGEF)G(

F
𝑑𝑥 = M

F∫LM
C 4𝑥F + 3𝑥C 𝑑𝑥 = 8

• 𝜎CNDEF = 𝐸 4𝑋 + 3 − 𝜇NDEF C = 𝐸 4𝑋 + 3 − 8 C = 𝐸 4𝑋 − 5 C

= 7
LM

C
(4𝑥 − 5)C

𝑥C

3 𝑑𝑥 =
1
37LM

C
16𝑥N − 40𝑥F + 25𝑥C 𝑑𝑥 =

51
5
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*+, -*+ (15/25)
•.+,MfZgObTO[UR\(MA]I\
•23
• w/+,-./º"/´»{"/®^

•89
• 𝜎$,, Cov(𝑋, 𝑌)

•45)=>?BA
• 𝑋g/𝑌0/9:;</=>
?𝜎$, = 𝐸 𝑋 − 𝜇$ 𝑌 − 𝜇, = ∑&∑- 𝑥 − 𝜇$ 𝑦 − 𝜇, 𝑓(𝑥, 𝑦)
• 𝑋g/𝑌0/@A;</=>
?𝜎$, = 𝐸 𝑋 − 𝜇$ 𝑌 − 𝜇, = ∫'(

( ∫'(
( A

B
𝑥 − 𝜇$ (

)
𝑦 −

𝜇, 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦
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*+, -*+ (16/25)
•.+,MfZgObTO[UR\(MK]I\
•45)=B?BA
• 𝜇$g/𝜇,3/67XD/Os/w/+,-./𝑋g/𝑌"/¼1:</
=>
?/𝜎$, = 𝐸 𝑋𝑌 − 𝜇$𝜇,

𝜎)* =?
!

?
+

𝑥 − 𝜇) 𝑦 − 𝜇* 𝑓(𝑥, 𝑦)

=?
!

?
+

𝑥𝑦𝑓(𝑥, 𝑦) − 𝜇)?
!

?
+

𝑦𝑓 𝑥, 𝑦 − 𝜇*?
!

?
+

𝑥𝑓 𝑥, 𝑦 + 𝜇)𝜇*?
!

?
+

𝑓 𝑥, 𝑦

.3G%𝜇) = ∑!∑+ 𝑥𝑓 𝑥, 𝑦 , 𝜇* = ∑!∑+ 𝑦𝑓 𝑥, 𝑦 .EG%∑!∑+ 𝑓 𝑥, 𝑦 = 1.é�%
𝜎)* = 𝐸 𝑋𝑌 − 𝜇)𝜇* − 𝜇*𝜇) + 𝜇)𝜇* = 𝐸 𝑋𝑌 − 𝜇)𝜇*
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*+, -*+ (17/25)
•.+,MfZgObTO[UR\(M^]I\
•:;<
• ¼1:L B) w -. º" u; ´f" '½{L MNO_ 
§9Z H¾ @´{L 9)OP � -." -¿0 ÀÁ -.
p \Â Ã½L }Ä­ ¥¦R . �Å

•4IST)UV)W)GHNO)X3)YZ<)I[)=>?BA
• 𝑋"/89/Æ/5/𝑌"/8^/ÇP�/𝑋"/89/ÈL/5/𝑌"/8^/
ÈÀÉ 𝑋 − 𝜇$ 𝑌 − 𝜇, s	Ê"	8L	0Ë
• 𝑋"/89/Æ/5/𝑌"/89/ÈP�/𝑋"/89/ÈL/5/𝑌"/89/
ÇÉ 𝑋 − 𝜇$ 𝑌 − 𝜇, s	Å"	8L	0Ë
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*+, -*+ (18/25)
•.+,MfZgObTO[UR\(M?]I\
•4IST)UV)W)GHNO)X3)YZ<)I[)=B?BA

− + = (−)

+ − = (−)

+ + = (+)

− − = (+)

ABC)>5>)d[ eb f:g hijk 
lm 𝑋n 𝑌[ ^oQU

v 𝑋 − 𝜇. 𝑌 − 𝜇/

− + = (−)

+ − = (−)

+ + = (+)

− − = (+)

− + = (−)

+ − = (−)

+ + = (+)

− − = (+)

• b'\c%Bdc$ef
• g>hcijf[k2

• BCcl9cXmc*b[c>Dc
n;

• opqc rs[c tumc vc
w!9cx?

• yz9cA{[c?|
• }~�9cv'\c�|c�,

ABC)>5@)p[ eb f:g hijk 
lm 𝑋n 𝑌[ ^oQU

ABC)>5?)qrs_ 
lm 𝑋n 𝑌[ ^oQU
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•=>(?@A^

*+, -*+ (19/25)

0Ä%öÆJ½%÷&�%øC&%ùú2%ûü%3G Øýùú&%$%𝑿å%�ýùú&%$%
𝒀&%£æ!"'()%*+,%-*H 𝑿å%𝐘&%»'42%Z67

𝒇(𝒙, 𝒚)
𝒙

ℎ(𝑦)
Y D <

𝒚

Y 3
28

9
28

3
28

15
28

D 3
14

3
14

Y 3
7

< 1
28

Y Y 1
28

𝑔(𝑥) 5
14

15
28

3
28

D

• ã/xýÃÿc8¯¹x𝐸 𝑋𝑌 = 3/14
• 𝜇D = ∑GHIC 𝑥𝑔 𝑥 = 0 P

MN
+ 1 MP

CQ
+ 2 F

CQ
= F

N

• 𝜇W = ∑VHIC 𝑦ℎ 𝑦 = 0 MP
CQ

+ 1 F
O
+ 2 M

CQ
= M

C

• FGÙ� 𝜎DW = 𝐸 𝑋𝑌 − 𝜇G𝜇W =
F
MN
− F

N
M
C
= − T

P`
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•=>(?@A?

*+, -*+ (20/25)

Á7þÿÝD%!/8%"Æ&%ce%𝑋å%çÆ&%ce%𝑌&%£æ!"'()%*+,%
-*H 𝑿å%𝒀&%»'42%Z67

𝑓 𝑥, 𝑦 = V8𝑥𝑦, 0 ≤ 𝑦 ≤ 𝑥 ≤ 1
0, otherwise

• �D��bE#ZU

• 𝑔 𝑥 = K4𝑥
., 0 ≤ 𝑥 ≤ 1
0, otherwise

• ℎ 𝑦 = K4𝑦(1 − 𝑦
'), 0 ≤ 𝑦 ≤ 1

0, otherwise
• 𝜇+M 𝜇1 ZU

• 𝜇2 = 𝐸 𝑋 = ∫0
- 4𝑥$𝑑𝑥 = $

3

• 𝜇1 = 𝐸 𝑌 = ∫0
- 4𝑦'(1 − 𝑦')𝑑𝑦 = 4

-3
• 𝐸 𝑋𝑌 #ZU

• 𝐸 𝑋𝑌 = ∫0
-∫5

- 8𝑥'𝑦' 𝑑𝑥 𝑑𝑦 = $
6

• .?U#ZU
• 𝜎21 = 𝐸 𝑋𝑌 − 𝜇2 𝜇1 =

$
6
− $

3
4
-3

= $
''3
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*+, -*+ (21/25)
•.+,MfZgObTO[UR\(MI]I\
•V\]
• ¼1:V𝜎$,W/8°/𝑋g/𝑌"/¦!%·p/Ìe/Íe­ÎD/
´»{"/Ï^3/IÐÑ­/Ò~
• zÃÄÃ�x¢¢ �S k!U E`" ×Åâ0 ?¼�

ABC)>5V)tu 8 vu wxy 
z{| }~�z �L ^oQ BSTU

• ��#)�#S=T
• [18.49, 21.73, 20.69, 22.22,

21.29, 22.18, 20.85, 19.53,
21.32, 20.18] �C

• 5�d D�� )� S=T
• [65.28, 71.11, 69.24, 72.00,

70.32, 71.92, 69.53, 67.15,
70.38, 68.32] �F

• .?U
• �� )�_ F�� ��~: 188.61
• 5� )�_ F�� ��~: 339.49

v𝐹 = 6
3
𝐶 + 32
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*+, -*+ (22/25)
•hij&MfZbbRVOPTZ[(fZRkkTUTR[P\(MA]K\
•23
• w/+,-./º"/u;F/´f"/'½l/Ï^3/IÐÑs/
®^/

•89
• 𝜌$,

•45
• +,-./𝑋g/𝑌"/¼1:9/𝜎$,9P�/tÓÔ&0/bb/𝜎$�/
𝜎,³/=>�/𝑋g/𝑌"/H´f.
?/𝜌$, =

1bc
1b1c
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*+, -*+ (23/25)
•hij&MfZbbRVOPTZ[(fZRkkTUTR[P\(MK]K\
•:;<
• 𝑋g/𝑌"/¦!/%·p/Ìe/89/Íe­s/¼1:V𝜎$,Wl/
ÍÕ�/H´f.V𝜌$,Ws/%·p/Ö´O×/´f"/Ï^3/!Ø
FXD/MNR/./�Å

•67
• H´f./8"/Ù·s/−1 ≤ 𝜌)* ≤ 1
• ¼1:V𝜎$,W9/Ú9É/H´f.V𝜌)*W8^/Ú
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•=>(?@AI

*+, -*+ (24/25)

Õâ% H�¢J½ 𝑿å%𝒀&%ö#5$D%Z67
P𝑋å%𝑌&%£æ!"'(@%�$% H��,%-*V

• ã/	4.13c8¯¹	𝜇d =
F
N
, 𝜇W =

M
C
, 𝜎DW = − T

P`
• 𝐸 𝑋C , 𝐸 𝑌C ��

• 𝐸 𝑋C = 0C P
MN

+ 1C MP
CQ

+ 2C F
CQ

= CO
CQ

• 𝐸 𝑌C = 0C MP
CQ

+ 1C F
O
+ 2C M

CQ
= N

O
• ¼�x��

• 𝜎CD =
CO
CQ
− F

N

C
= NP

MMC

• 𝜎CW =
N
O
− M

C

C
= T

CQ
• #¶�!x��

• 𝜌DW =
e78
e7e8

= LT/P`
(NP/MMC)(T/CQ)

= − M
P

𝒇(𝒙, 𝒚)
𝒙

ℎ(𝑦)
! " #

𝒚

! 3
28

9
28

3
28

15
28

" 3
14

3
14

! 3
7

# 1
28

! ! 1
28

𝑔(𝑥)
5
14

15
28

3
28

"

A�)>5D)��)>5D=)� 𝑋n)𝑌[)�\67GcU
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•=>(?@A_
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Õâ% H� J½ 𝑿å%𝒀&%ö#5$D%Z67

P𝑋, 𝑌&%£æ!"'(@%𝑓 𝑥, 𝑦 = V8𝑥𝑦, 0 ≤ 𝑦 ≤ 𝑥 ≤ 1
0, otherwise V

• ã/	4.148¯¹	𝜇D =
F
N
, 𝜇W =

M
C
, 𝜎DW = − T

P`
• 𝐸 𝑋C , 𝐸 𝑌C ��

• 𝐸 𝑋C = ∫I
M4𝑥P𝑑𝑥 = C

F

• 𝐸 𝑌C = ∫I
M4𝑦F(1 − 𝑦C)𝑑𝑦 = 1 − C

F
= M

F
• ¼�x��

• 𝜎CD =
C
F
− N

P

C
= C

OP

• 𝜎CW =
M
F
− Q

MP

C
= MM

CCP
• #¶�!x��

• 𝜌DW =
e78
e7e8

= N/CCP
(C/OP)(MM/CCP)

= N
``
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•!"
•#$%&'()*
•+,-(.+,
•/0123(#$%&'()*-(+,
•4567(89

( )
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•/0 12
•23
• _` -.a9 bb" cde f.g h)i j, k *la9 
mni ;o

•67
• -.	𝑋), 𝑋!, ⋯ , 𝑋*l b -.p qrOs f. 𝑎), 𝑎!, ⋯ ,
𝑎*p q) 𝑎)𝑋) + 𝑎!𝑋! +⋯+ 𝑎*𝑋*XD tGU
• u;*mv +,-." =>, w x 9H" +,-.0 bb
" cde f.g h)i j m)yz CDE +,-.3 
;{Os |L "}~
• e.g., 𝑍 = 𝑎𝑋 + 𝑏𝑌

./012 #$%&' (), *+ (1/15)
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./012 #$%&' (), *+ (2/15)
•#$%&'()*l(mno(j,p:(qr(st(MA]?\
• 𝑎C)𝑏D)^O_`)𝐸 𝑎𝑋 + 𝑏 = 𝑎𝐸 𝑋 + 𝑏

_`a&%á&J%K7

𝐸 𝑎𝑋 + 𝑏 = \
,-

-
𝑎𝑥 + 𝑏 𝑓(𝑥) 𝑑𝑥 = 𝑎\

,-

-
𝑥𝑓 𝑥 𝑑𝑥 + 𝑏\

,-

-
𝑓(𝑥) 𝑑𝑥

∫,-
- 𝑥𝑓 𝑥 𝑑𝑥 = 𝐸 𝑋 .EG ∫,-

- 𝑓(𝑥) 𝑑𝑥 = 1.é�
𝐸 𝑎𝑋 + 𝑏 = 𝑎𝐸 𝑋 + 𝑏

.*H

𝑎 = 0��%%�¥%𝐸 𝑏 = 𝑏)%I*H

t�%�#�K 

𝑏 = 0��%%�¥%𝐸 𝑎𝑋 = 𝑎𝐸(𝑋))%I*H

t�%�#�K!
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•=>(?@A`
ï𝒂å%𝒃)%ö$.¥%𝑬 𝒂𝑿 + 𝒃 = 𝒂𝑬 𝑿 + 𝒃.*ðD%.4&%!"#$%𝒈 𝑿 = 𝟐𝑿 − 𝟏
J%�ã6ç%Õâ% H D%*9%'0%j7

• 𝐸 𝑔 𝑋 = 𝐸 2𝑋 − 1 = 2𝐸 𝑋 − 1
• 𝜇 = 𝐸 𝑋 = ∑GHNT 𝑥𝑓(𝑥) = 4 M

MC
+ 5 M

MC
+ 6 M

N
+ 7 M

N
+

8 M
`
+ 9 M

`
= NM

`

• 𝜇CDLM = 2𝐸 𝑋 − 1 = (2) NM
`

− 1 = $12.67

./012 #$%&' (), *+ (3/15)
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•=>(?@Ac
ï𝒂å%𝒃)%ö$.¥%𝑬 𝒂𝑿 + 𝒃 = 𝒂𝑬 𝑿 + 𝒃.*ðD%ñ(&%!"#$%𝒈 𝑿 = 𝟒𝑿 + 𝟑
J%�ã6ç%Õâ% H�D%*9%'0%j7

• 𝐸 𝑔 𝑋 = 𝐸 4𝑋 + 3 = 4𝐸 𝑋 + 3
• 𝜇 = 𝐸 𝑋 = ∫LM

C 𝑥 G(

F
𝑑𝑥 = ∫LM

C G)

F
𝑑𝑥 = P

N

• 𝜇NDEF = 4𝐸 𝑋 + 3 = 4 P
N
+ 3 = 8

./012 #$%&' (), *+ (4/15)
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./012 #$%&' (), *+ (5/15)
•#$%&'()*l(mno(j,p:(qr(st(MK]?\
•W)a)_^3)GHNO)𝑋3)bO3)F_c)d3)PQRe)
f)bO3)PQR3)F_c)dC)ghb
i)𝐸 𝑔 𝑋 ± ℎ 𝑋 = 𝐸[𝑔(𝑋)] ± 𝐸[ℎ(𝑋)]

á&J%&6ç

𝐸 𝑔 𝑋 ± ℎ 𝑋 = \
,-

-
𝑔 𝑋 ± ℎ 𝑋 𝑓(𝑥) 𝑑𝑥

= \
,-

-
𝑔 𝑥 𝑓 𝑥 𝑑𝑥 ± \

,-

-
ℎ 𝑥 𝑓(𝑥) 𝑑𝑥 = 𝐸[𝑔(𝑋)] ± 𝐸[ℎ(𝑋)]
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•=>(?@Ad
𝑋)%*+,%-W% !"'(D%)^@%!"#$�%3G 𝒀 = (𝑿 − 𝟏)𝟐&%_`a2%
Z67

• 𝐸 𝑌 = 𝐸 𝑋 − 1 C = 𝐸 𝑋C − 2𝑋 + 1 = 𝐸 𝑋C − 2𝐸 𝑋 + 𝐸 1
• 𝐸 𝑋 = 0 M

F
+ 1 M

C
+ 2 0 + 3 M

`
= 1

• 𝐸 𝑋C = 0 M
F
+ 1 M

C
+ 4 0 + 9 M

`
= 2

• FGÙ� 𝐸 𝑋 − 1 C = 𝐸 𝑋C − 2𝐸 𝑋 + 𝐸 1 = 2 − 2 1 + 1 = 1

./012 #$%&' (), *+ (6/15)

𝑥 ¡   ! ¢

𝑓(𝑥)
1
3

1
2

¡ 1
6
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•=>(?@Ke
0ª%ñòóJ½%=>6@%0Ä%+A&%/à%$ÙPQRS ����õîV)%ñ(&%!"%
#$%𝒈 𝑿 = 𝑿𝟐 + 𝑿 − 𝟐�%lm)�G 𝑋@%*+,%-W%!"'(D%)�*E%F%3G
+A$&%/à%$Ù&%_`a2%Z67

𝑓 𝑥 = V2 𝑥 − 1 , 1 < 𝑥 < 2
0, otherwise

• 𝐸 𝑔 𝑋 = 𝐸 𝑋C + 𝑋 − 2 = 𝐸 𝑋C + 𝐸 𝑋 − 𝐸 2
• 𝐸 𝑋 = ∫M

C2𝑥(𝑥 − 1) 𝑑𝑥 = 2∫M
C(𝑥C − 𝑥) 𝑑𝑥 = P

F

• 𝐸 𝑋C = ∫M
C2𝑥C 𝑥 − 1 𝑑𝑥 = 2∫M

C 𝑥F − 𝑥C 𝑑𝑥 = MO
`

• FGÙ� 𝐸 𝑋C + 𝑋 − 2 = 𝐸 𝑋C + 𝐸 𝑋 − 𝐸 2 = MO
`
+ P

F
− 2 = P

C

• Á�;x$ÝÝÝ%¹x'%8� P
C
Â$ÝÝÝ리터Ë & ÜþÝÝ리터

./012 #$%&' (), *+ (7/15)
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./012 #$%&' (), *+ (8/15)
•#$%&'()*l(mno(j,p:(qr(st(M^]?\
•GHNO)𝑋C)𝑌3)bOj3)F_c)d3)PQRe)
f)bO3)PQR3)F_c)dC)ghb
i)𝐸 𝑔 𝑋, 𝑌 ± ℎ 𝑋, 𝑌 = 𝐸[𝑔(𝑋, 𝑌)] ± 𝐸[ℎ(𝑋, 𝑌)]

𝐸 𝑔 𝑋, 𝑌 ± ℎ 𝑋, 𝑌 = \
,-

-
\
,-

-
𝑔 𝑥, 𝑦 ± ℎ 𝑥, 𝑦 𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

= \
,-

-
\
,-

-
𝑔 𝑥, 𝑦 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 ± \

,-

-
\
,-

-
ℎ 𝑥, 𝑦 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

= 𝐸[𝑔(𝑋, 𝑌)] ± 𝐸[ℎ(𝑋, 𝑌)]

𝑔 𝑋, 𝑌 = 𝑔(𝑋).EG ℎ 𝑋, 𝑌 = ℎ(𝑌)7%6¥G 𝐸 𝑔 𝑋 ± ℎ 𝑋 = 𝐸[𝑔(𝑋)] ± 𝐸[ℎ(𝑌)]
t�%�#�K¢

𝑔 𝑋, 𝑌 = 𝑋.EG ℎ 𝑋, 𝑌 = 𝑌7%6¥G 𝐸(𝑋 ± 𝑌) = 𝐸(𝑋) ± 𝐸(𝑌)
t�%�#�K�
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./012 #$%&' (), *+ (9/15)
•#$%&'()*l(mno(j,p:(qr(st(M?]?\
•W)GHNO)𝑋C)𝑌D)kl)mno)pqr
i)𝐸 𝑋𝑌 = 𝐸 𝑋 𝐸(𝑌)

𝐸 𝑋𝑌 = \
,-

-
\
,-

-
𝑥𝑦𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦

𝑋å%𝑌&%/#'(D%¼¼%𝑔(𝑥)å%ℎ(𝑦)7E%6¥G 𝑋å%𝑌@%¾¿.é�
𝑓 𝑥, 𝑦 = 𝑔 𝑥 ℎ(𝑦))%I*H K7½G

𝐸 𝑋𝑌 = \
,-

-
\
,-

-
𝑥𝑦𝑔 𝑥 ℎ(𝑦)𝑑𝑥 𝑑𝑦

= \
,-

-
𝑥𝑔(𝑥) 𝑑𝑥\

,-

-
𝑦ℎ(𝑦) 𝑑𝑦 = 𝐸 𝑋 𝐸(𝑌)

!"#$%𝑋å%𝑌)%½�%¾¿.¥%𝜎)* = 0.*H
t�%�#�K£
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•=>(?@KA
𝑋å% 𝑌D%½�%¾¿.E%*+,%-W%£æ!"'(D%)^@%!"#$7%F%3G
áõ% H*&%𝑬 𝑿𝒀 = 𝑬 𝑿 𝑬(𝒀))%�¿]2%+É67

𝑓 𝑥, 𝑦 = <
𝑥(1 + 3𝑦#)

4
, 0 < 𝑥 < 2, 0 < 𝑦 < 1

0, otherwise

• 𝐸(𝑋𝑌) =
∫0
-∫0

' 𝑥𝑦𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 = ∫0
-∫0

' +!5(-:.5!)
$

𝑑𝑥 𝑑𝑦 = ∫0
- T+"5(-:.5!)

-'
𝑥 = 2
𝑥 = 0𝑑𝑦 = ∫0

- '5(-:.5!)
.

𝑑𝑦 = 3
<

• 𝐸 𝑋 =
∫0
-∫0

' 𝑥𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 = ∫0
-∫0

' +!(-:.5!)
$

𝑑𝑥 𝑑𝑦 = ∫0
- T+"(-:.5!)

-'
𝑥 = 2
𝑥 = 0𝑑𝑦 = ∫0

- '(-:.5!)
.

𝑑𝑦 = $
.

• 𝐸 𝑌 =
∫0
-∫0

' 𝑦𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 = ∫0
-∫0

' +5(-:.5!)
$

𝑑𝑥 𝑑𝑦 = ∫0
- T+!5(-:.5!)

4
𝑥 = 2
𝑥 = 0𝑑𝑦 = ∫0

- 5(-:.5!)
'

𝑑𝑦 = 3
4

• t�PM 𝐸 𝑋 𝐸 𝑌 = $
.

3
4
= 3

<
= 𝐸(𝑋𝑌)

./012 #$%&' (), *+ (10/15)
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./012 #$%&' (), *+ (11/15)
•#$%&'(+,l(mno(j,p:(qr(st(MA]?\
• 𝑋C)𝑌D)EFGHIJ)𝑓(𝑥, 𝑦)K)Dst)GHNO_ur)
𝑎, 𝑏, 𝑐D)^Oh)M)
i)𝜎efghijhk = 𝑎e𝜎eg + 𝑏e𝜎ej + 2𝑎𝑏𝜎gj

á&J%&6ç
𝜎#.)/0*/1 = 𝐸{[ 𝑎𝑋 + 𝑏𝑌 + 𝑐 − 𝜇.)/0*/1]#}

.*H
ï𝐸 𝑎𝑋 = 𝑎𝐸(𝑋)ðG%ï𝐸(𝑋 ± 𝑌) = 𝐸(𝑋) ± 𝐸(𝑌)ð& ��J%&6ç

𝜇.)/0*/1 = 𝐸 𝑎𝑋 + 𝑏𝑌 + 𝑐 = 𝑎𝐸 𝑋 + 𝑏𝐸 𝑌 + 𝑐 = 𝑎𝜇! + 𝑏𝜇* + 𝑐
)%?é�G

𝜎#.)/0*/1 = 𝐸{[𝑎 𝑋 − 𝜇) + 𝑏(𝑌 − 𝜇*)]#}
= 𝑎#𝐸 𝑋 − 𝜇) # + 𝑎#𝐸 𝑌 − 𝜇* # + 2𝑎𝑏𝐸[(𝑋 − 𝜇))(𝑌 − 𝜇*)]

= 𝑎#𝜎#) + 𝑏#𝜎#* + 2𝑎𝑏𝜎)*
)%I*H
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./012 #$%&' (), *+ (12/15)
•#$%&'(+,l(mno(j,p:(qr(st(MK]?\
• 𝑋C)𝑌D)EFGHIJ)𝑓(𝑥, 𝑦)K)Dst)GHNO_ur)
𝑎, 𝑏, 𝑐D)^Oh)M)
i)𝜎efghijhk = 𝑎e𝜎eg + 𝑏e𝜎ej + 2𝑎𝑏𝜎gj

𝑏 = 0��%%�¥%𝜎#.)/1 = 𝑎#𝜎#) = 𝑎#𝜎#.%I*H
t�%�#�K¤

𝑎 = 1, 𝑏 = 0��%%�¥G 𝜎#)/1 = 𝜎#) = 𝜎#.%I*H
t�%�#�K¥

𝑏 = 0, 𝑐 = 0��%%�¥G 𝜎#.) = 𝑎#𝜎#) = 𝑎#𝜎#.%I*H
t�%�#�K¦
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./012 #$%&' (), *+ (13/15)
•#$%&'(+,l(mno(j,p:(qr(st(M^]?\
• 𝑋C)𝑌D)EFGHIJ)𝑓(𝑥, 𝑦)K)Dst)GHNO_ur)
𝑎, 𝑏, 𝑐D)^Oh)M)
i)𝜎efghijhk = 𝑎e𝜎eg + 𝑏e𝜎ej + 2𝑎𝑏𝜎gj

𝑋å%𝑌D%¾¿Â%!"#$7E%6¥G
𝜎#.)/0* = 𝑎#𝜎#) + 𝑏#𝜎#*

.*H

t�%�#�K§

𝑋å%𝑌D%¾¿Â%!"#$7E%6¥G
𝜎#.),0* = 𝑎#𝜎#) + 𝑏#𝜎#*

.*H

t�%�#�K ¡
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./012 #$%&' (), *+ (14/15)
•#$%&'(+,l(mno(j,p:(qr(st(M?]?\
• 𝑋C)𝑌D)EFGHIJ)𝑓(𝑥, 𝑦)K)Dst)GHNO_ur)
𝑎, 𝑏, 𝑐D)^Oh)M)
i)𝜎efghijhk = 𝑎e𝜎eg + 𝑏e𝜎ej + 2𝑎𝑏𝜎gj

𝑋$, 𝑋#, ⋯ , 𝑋%2%¾¿Â%!"#$7%6¥G
𝜎#.0)0/.)))/⋯/.1)1 = 𝑎#$𝜎#)0 + 𝑎

#
#𝜎#)) +⋯+ 𝑎#%𝜎#)1

.*H

t�%�#�K  
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•=>(?@KK

•=>(?@K^

!"#$% 𝑋å% 𝑌&%'4.%¼¼% 𝜎#) = 2, 𝜎#* = 4.EG »'4.% 𝜎)* = −2�%3G
!"#$%𝒁 = 𝟑𝑿 − 𝟒𝒀 + 𝟖&%'42%Z67

• 𝜎Cf = 𝜎CFDLNWEQ
= 𝜎CFDLNW = 9𝜎CD + 16𝜎CW − 24𝜎DW
= 9 2 + 16 4 − 24 −2 = 130

0Ä%f�â�&%,-_%(J%.ç%t@%¬%rs&%/012%𝑋, 𝑌7E%F%3G 𝑋å%𝑌
@%½�%¾¿.E%'4.%¼¼%𝜎#) = 2, 𝜎#* = 3.7E%8*H !"#$%𝒁 = 𝟑𝑿 −
𝟐𝒀 + 𝟓&%'42%Z67

• 𝜎Cf = 𝜎CFDLCWEP
= 𝜎CFDLCW = 9𝜎CD + 4𝜎CW
= 9 2 + 4 3 = 30

./012 #$%&' (), *+ (15/15)
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•!"
•#$%&'()*
•+,-(.+,
•/0123(#$%&'()*-(+,
•4567(89

( )
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3456 78(1/5)
•uv
•8vwdD)x)yz{)IJ3)pq)Ng<_)|s}l)`~
_)�)��)��)�
•8vwd=𝜎A3)R_)��`)Q�I3)`~_)��=𝜇A�)
��b
•���3)O��)����=�,+�%�,+�At ��T)���l)
Q�o)W)R)�_3)`~_)8vwdC)Y\��)� T)
¡¢b

ABC)>5W)G^E 1, 2_ N�GcU
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3456 78(2/5)
•4567(89(MA]^\
•23
• +,-./𝑋0/67XDYZ/tÓÔ&"/𝑘Û/Ù·/Ñ"/8L
/�R/+,°/F\^/1 − )

2g

•45
• 𝑃 𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎 ≥ 1 − )

2g

•:;<
• §9Z"/123/!+Ü/ÝÞ/\ßE/=>p^/§9Z"/
à\Ë/!^3/MNR/./�Å
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3456 78(3/5)
•4567(89(MK]^\

𝜎# = 𝐸 𝑋 − 𝜇 # = \
,-

-
𝑥 − 𝜇 #𝑓(𝑥) 𝑑𝑥

= \
,-

3,45
𝑥 − 𝜇 #𝑓(𝑥) 𝑑𝑥 + \

3,45

3/45
𝑥 − 𝜇 #𝑓(𝑥) 𝑑𝑥 + \

3/45

-
𝑥 − 𝜇 #𝑓(𝑥) 𝑑𝑥

≥ \
,-

3,45
𝑥 − 𝜇 #𝑓 𝑥 𝑑𝑥 + \

3/45

-
𝑥 − 𝜇 #𝑓(𝑥) 𝑑𝑥

¨ © ª
𝜇 − 𝑘𝜎 𝜇 + 𝑘𝜎

ABC)>5<)G^E)D_)
`ab)67GcU
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3456 78(4/5)
•4567(89(M^]^\
𝑥 ≥ 𝜇 + 𝑘𝜎.³l%𝑥 ≤ 𝜇 − 𝑘𝜎.¥%(𝑥 − 𝜇)#≥ 𝑘#𝜎#.%I*H
K7½G

𝜎# ≥ \
,-

3,45
𝑘#𝜎#𝑓 𝑥 𝑑𝑥 + \

3/45

-
𝑘#𝜎#𝑓 𝑥 𝑑𝑥

\
,-

3,45
𝑓 𝑥 𝑑𝑥 + \

3/45

-
𝑓 𝑥 𝑑𝑥 ≤

1
𝑘#

.*H ��é�G

𝑃 𝜇 − 𝑘𝜎 < 𝑋 < 𝜇 + 𝑘𝜎 = \
3,45

3/45
𝑓(𝑥) 𝑑𝑥 ≥ 1 −

1
𝑘#

� � �
𝜇 − 𝑘𝜎 𝜇 + 𝑘𝜎

ABC)>5<)G^E)D_)
`ab)67GcU



!""#"$%& '"%()*+","-".)/%&0%11+0%&)234567)8)9:; VW

•=>(?@K?
!"#$%𝑿&%XYW%𝝁 = 𝟖.E%'4W%𝝈𝟐 = 𝟗.�G !"'(@%Ó�2%t^%3
*E%F%3%*+2%Z67
P4V 𝑃 −4 < 𝑋 < 20
P5V 𝑃 |𝑋 − 8| ≥ 6

• ÂrË ��
• 𝑃 −4 < 𝑋 < 20 = 𝑃[8 − 4 3 < 𝑋 < 8 + (4)(3)] ≥ MP

M`
• Â'Ë ��

• 𝑃 |𝑋 − 8| ≥ 6 = 1 − 𝑃 𝑋 − 8 < 6 = 1 − 𝑃 −6 < 𝑋 − 8 < 6

= 1 − 𝑃[8 − 2 3 < 𝑋 < 8 + (2)(3)] ≤
1
4

3456 78(5/5)
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!"#$%&'
mw(x(MyZZzZ{[|}YRV@~R�Z[|@OU@�b\

mailto:wooyoung@pel.sejong.ac.kr
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9: #1 –;<=> (4.1~4.11)

«¬=.\�4#*+#BC#­#®Z\¯#°K ¢ ± ¢!²
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9: #2 –;<=> (4.12~4.23)

«¬=.\�4#*+#BC#­#®Z\¯#°K ¢!± ¢¢²
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9: #3 –;<=> (4.24~4.28)

«¬=.\�4#*+#BC#­#®Z\¯#°K ¢!± ¢�²
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9: #4 –;<=> (4.29~4.35)

«¬=.\�4#*+#BC#­#®Z\¯#°K ¢�M#°K ��²
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9: #5 –;<=> (4.36~4.40)

«¬=.\�4#*+#BC#­#®Z\¯#°K ��²
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9: #6 –;<=> (4.41~4.44)

«¬=.\�4#*+#BC#­#®Z\¯#°K ��²
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9: #7 –;<=> (4.45~4.48)

«¬=.\�4#*+#BC#­#®Z\¯#°K ��± �£²
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9: #8 –;<=> (4.49~4.52)

«¬=.\�4#*+#BC#­#®Z\¯#°K �£²
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9: #9 –;<=> (4.53~4.57)

«¬=.\�4#*+#BC#­#®Z\¯#°K ££²
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9: #10 –;<=> (4.58~4.65)

«¬=.\�4#*+#BC#­#®Z\¯#°K £¤²
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9: #11 –;<=> (4.66~4.69)

«¬=.\�4#*+#BC#­#®Z\¯#°K £¤²
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9: #12 –;<=> (4.70~4.71)

«¬=.\�4#*+#BC#­#®Z\¯#°K £¥²
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9: #13 –;<=> (4.72~4.77)

«¬=.\�4#*+#BC#­#®Z\¯#°K £¥²
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9: #14 –;<=> (4.78)

«¬=.\�4#*+#BC#­#®Z\¯#°K £¦²
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9: #15 – MATLAB ?@ (1/17)
•��(?@A(MA]^\

f = @(x) 2*x.^2 - 5*x + 2;
x_range = linspace(-2, 4, 400);
y_values = f(x_range);

figure;
plot(x_range, y_values, 'b-', 'LineWidth', 2);
hold on;

a = -1.23;
b = 3.45;

c = (a + b) / 2;

fc = f(c);
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9: #16 – MATLAB ?@ (2/17)
•��(?@A(MK]^\
plot([a, a], [0, f(a)], 'r--', 'LineWidth', 1);
plot(a, 0, 'ro', 'MarkerSize', 7, 'MarkerFaceColor', 'r');
text(a, 0, ' a', 'VerticalAlignment', 'bottom', 'HorizontalAlignment', 'right', 'FontSize', 20);

plot([b, b], [0, f(b)], 'r--', 'LineWidth', 1);
plot(b, 0, 'ro', 'MarkerSize', 7, 'MarkerFaceColor', 'r');
text(b, 0, ' b', 'VerticalAlignment', 'bottom', 'HorizontalAlignment', 'left', 'FontSize', 20);

plot([c, c], [0, fc], 'k--', 'LineWidth', 1);
plot(c, 0, 'ro', 'MarkerSize', 7, 'MarkerFaceColor', 'r');
text(c, 0, ' c', 'VerticalAlignment', 'bottom', 'HorizontalAlignment', 'left', 'FontSize', 20);

plot([0, c], [fc, fc], 'k--', 'LineWidth', 1);
plot(0, fc, 'ro', 'MarkerSize', 7, 'MarkerFaceColor', 'r');
text(0, fc, ' f(c)', 'VerticalAlignment', 'bottom', 'HorizontalAlignment', 'right', 'FontSize', 20);

xlabel('x');
ylabel('f(x)');
grid on;
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9: #17 – MATLAB ?@ (3/17)
•��(?@A(M^]^\
ax = gca;
ax.XAxisLocation = 'origin';
ax.YAxisLocation = 'origin';
ax.XTick = [];
ax.YTick = [];
xlim([-2 4]);
ylim([min(y_values) max(y_values)]);

xl = xlim;
yl = ylim;
line([xl(1) xl(2)], [0 0], 'Color', 'k', 'LineWidth', 1);
line([0 0], [yl(1) yl(2)], 'Color', 'k', 'LineWidth', 1);
plot(xl(2), 0, 'k>', 'MarkerSize', 7, 'MarkerFaceColor', 'k');
plot(0, yl(2), 'k^', 'MarkerSize', 7, 'MarkerFaceColor', 'k');

hold off;
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9: #18 – MATLAB ?@ (4/17)
•��(?@K
³´#µ#!¶
·¸L³¹  µ# ¶

º#µ#³´#» �¼·¸L³¹ A¡K¡ A³´#½#�¼·¸L³¹ ¶

¾!#µ#/ #¿#/·¸L³¹  ¼#·ÀÁÂ/!#¼#°¸000#¼#Jº°/»¡K£#¼#//º#» ³´0#¿#·¸L³¹ 0#KÃ#!0¶

Ä¸L´ÁJ¶
°ÅÆÂ/ºM#¾!M#ÇÈÆÅÆÁÇM#Ç�Å´JÇM#ÇÉ¸ÊJË¸ÌÂÍÇM#!0¶
ÍÆÅÌ#ÆÊ¶
Å¸ÊJ/Î³´#³´ÏM#¾Å¸³M#ÇÈÆÅÆÁÇM#Ç�Å¹ÐÑÇM#ÇÉ¸ÊJÒÂ¾ÅJÇM#Ç»»Ç0¶
ÂJºÂ/³´M#³¸Ê/¾Å¸³0M#ÇÓ³´#µ#!ÇM#ÇÔJÁÂ¸Ð¹Å�Å¸LÊ³JÊÂÇM#ÇÕÆÂÂÆ³ÇM#ÇÖÆÁ¸×ÆÊÂ¹Å�Å¸LÊ³JÊÂÇM#ÇÐJÊÂJÁÇ0¶
ºÅ¹ÕJÅ/ÇÓ¸ÂØÙÚÇ0¶
ÍÆÅÌ#ÆÄÄ¶
LÁ¸Ì#ÆÊ¶
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9: #19 – MATLAB ?@ (5/17)
•��(?@^
³´#µ#!¶
·¸L³¹!#µ#¢¶

º#µ#³´#» �¼·¸L³¹!A¡K¡ A³´#½#�¼·¸L³¹!¶

¾!#µ#/ #¿#/·¸L³¹!#¼#·ÀÁÂ/!#¼#°¸000#¼#Jº°/»¡K£#¼#//º#» ³´0#¿#·¸L³¹!0#KÃ#!0¶

Ä¸L´ÁJ¶
°ÅÆÂ/ºM#¾!M#ÇÈÆÅÆÁÇM#Ç�Å´JÇM#ÇÉ¸ÊJË¸ÌÂÍÇM#!0¶
ÍÆÅÌ#ÆÊ¶
Å¸ÊJ/Î³´#³´ÏM#¾Å¸³M#ÇÈÆÅÆÁÇM#Ç�Å¹ÐÑÇM#ÇÉ¸ÊJÒÂ¾ÅJÇM#Ç»»Ç0¶
ÂJºÂ/³´M#¡K¡ M#ÇÓ³´#µ#!ÇM#ÇÔJÁÂ¸Ð¹Å�Å¸LÊ³JÊÂÇM#ÇÕÆÂÂÆ³ÇM#ÇÖÆÁ¸×ÆÊÂ¹Å�Å¸LÊ³JÊÂÇM#ÇÐJÊÂJÁÇ0¶#Û#�ÌÜ´·Â
JÌ#ÂJºÂ#°Æ·¸Â¸ÆÊ
ºÅ¹ÕJÅ/ÇÓ¸ÂØÙÚÇ0¶
¾Å¸³/Î¡#¡K�Ï0¶#Û#ÒJÂÂ¸ÊL#¾»¹º¸·#Å¸³¸Â#ÂÆ#¡K�
ÍÆÅÌ#ÆÄÄ¶
LÁ¸Ì#ÆÊ¶
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9: #20 – MATLAB ?@ (6/17)
•��(?@?(MA]^\
nPoints = 100;

meanX = 175;
meanY = 70;

stdX = 8;
stdY = 5;

rho = 0.95; 
covXY = rho * stdX * stdY;
covarianceMatrix = [stdX^2, covXY; covXY, stdY^2];
[V, D] = eig(covarianceMatrix);
Z = randn(nPoints, 2);

data = Z * sqrt(D) * V';
data = bsxfun(@plus, data, [meanX, meanY]);

X = data(:, 1);
Y = data(:, 2);
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9: #21 – MATLAB ?@ (7/17)
•��(?@?(MK]^\
figure;
scatter(X, Y, 'filled');
hold on;

xLimits = [min(X) - 10, max(X) + 10];
yLimits = [min(Y) - 10, max(Y) + 10];
xlim(xLimits);
ylim(yLimits);

line([meanX, meanX], yLimits, 'Color', 'k', 'LineStyle', '--', 'LineWidth', 1);
line(xLimits, [meanY, meanY], 'Color', 'k', 'LineStyle', '--', 'LineWidth', 1);
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9: #22 – MATLAB ?@ (8/17)
•��(?@?(M^]^\
text(meanX, min(yLimits) - 1, '\mu_X', 'HorizontalAlignment', 'center', 'VerticalAlignment', 'to
p', 'FontSize', 12);
text(min(xLimits) - 1, meanY, '\mu_Y', 'HorizontalAlignment', 'right', 'VerticalAlignment', 'mid
dle', 'FontSize', 12);

xlabel('X', 'FontSize', 12);
ylabel('Y', 'FontSize', 12);
grid on;
axis equal;

set(gca, 'FontSize', 12);

hold off;
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9: #23 – MATLAB ?@ (9/17)
•��(?@I(MA]^\
nPoints = 100;

meanX = 175;
meanY = 70;

stdX = 8;
stdY = 5;

rho = -0.95; 
covXY = rho * stdX * stdY;
covarianceMatrix = [stdX^2, covXY; covXY, stdY^2];
[V, D] = eig(covarianceMatrix);
Z = randn(nPoints, 2);

data = Z * sqrt(D) * V';
data = bsxfun(@plus, data, [meanX, meanY]);

X = data(:, 1);
Y = data(:, 2);
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9: #24 – MATLAB ?@ (10/17)
•��(?@I(MK]^\
figure;
scatter(X, Y, 'filled');
hold on;

xLimits = [min(X) - 10, max(X) + 10];
yLimits = [min(Y) - 10, max(Y) + 10];
xlim(xLimits);
ylim(yLimits);

line([meanX, meanX], yLimits, 'Color', 'k', 'LineStyle', '--', 'LineWidth', 1);
line(xLimits, [meanY, meanY], 'Color', 'k', 'LineStyle', '--', 'LineWidth', 1);



!""#"$%& '"%()*+","-".)/%&0%11+0%&)234567)8)9:; DY>

9: #25 – MATLAB ?@ (11/17)
•��(?@I(M^]^\
text(meanX, min(yLimits) - 1, '\mu_X', 'HorizontalAlignment', 'center', 'VerticalAlignment', 'to
p', 'FontSize', 12);
text(min(xLimits) - 1, meanY, '\mu_Y', 'HorizontalAlignment', 'right', 'VerticalAlignment', 'mid
dle', 'FontSize', 12);

xlabel('X', 'FontSize', 12);
ylabel('Y', 'FontSize', 12);
grid on;
axis equal;

set(gca, 'FontSize', 12);

hold off;
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9: #26 – MATLAB ?@ (12/17)
•��(?@_(MA]^\
ÊÝÆ¸ÊÂ· µ# ¡¡¶

³J¹ÊÙ µ# ¥£¶
³J¹ÊÞ µ#¥¡¶

·ÂÌÙ µ#¦¶
·ÂÌÞ µ#£¶

ÁÍÆ#µ#¡¶ Û#ÒJÂ#ÐÆÁÁJÅ¹Â¸ÆÊ#ÂÆ#¡#ÄÆÁ#¸ÊÌJ°JÊÌJÊÐJ
ÐÆßÙÞ µ#ÁÍÆ#¼#·ÂÌÙ ¼#·ÂÌÞ¶
ÐÆß¹Á¸¹ÊÐJà¹ÂÁ¸º µ#Î·ÂÌÙÃ!M#ÐÆßÙÞ¶#ÐÆßÙÞM#·ÂÌÞÃ!Ï¶
ÎÔM#áÏ#µ#J¸L/ÐÆß¹Á¸¹ÊÐJà¹ÂÁ¸º0¶
â#µ#Á¹ÊÌÊ/ÊÝÆ¸ÊÂ·M#!0¶

Ì¹Â¹#µ#â#¼#·ÀÁÂ/á0#¼#ÔÇ¶
Ì¹Â¹#µ#Õ·ºÄ´Ê/ã°Å´·M#Ì¹Â¹M#Î³J¹ÊÙM#³J¹ÊÞÏ0¶

Ù#µ#Ì¹Â¹/AM# 0¶
Þ#µ#Ì¹Â¹/AM#!0¶
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9: #27 – MATLAB ?@ (13/17)
•��(?@_(MK]^\

Ä¸L´ÁJ¶
·Ð¹ÂÂJÁ/ÙM#ÞM#ÇÄ¸ÅÅJÌÇ0¶
ÍÆÅÌ#ÆÊ¶

ºÉ¸³¸Â· µ#Î³¸Ê/Ù0#»  ¡M#³¹º/Ù0#½# ¡Ï¶
¾É¸³¸Â· µ#Î³¸Ê/Þ0#»  ¡M#³¹º/Þ0#½# ¡Ï¶
ºÅ¸³/ºÉ¸³¸Â·0¶
¾Å¸³/¾É¸³¸Â·0¶

Å¸ÊJ/Î³J¹ÊÙM#³J¹ÊÙÏM#¾É¸³¸Â·M#ÇÈÆÅÆÁÇM#ÇÑÇM#ÇÉ¸ÊJÒÂ¾ÅJÇM#Ç»»ÇM#ÇÉ¸ÊJË¸ÌÂÍÇM# 0¶
Å¸ÊJ/ºÉ¸³¸Â·M#Î³J¹ÊÞM#³J¹ÊÞÏM#ÇÈÆÅÆÁÇM#ÇÑÇM#ÇÉ¸ÊJÒÂ¾ÅJÇM#Ç»»ÇM#ÇÉ¸ÊJË¸ÌÂÍÇM# 0¶
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9: #28 – MATLAB ?@ (14/17)
•��(?@_(M^]^\
ÂJºÂ/³J¹ÊÙM#³¸Ê/¾É¸³¸Â·0#»  M#ÇÓ³´äÙÇM#ÇÖÆÁ¸×ÆÊÂ¹Å�Å¸LÊ³JÊÂÇM#ÇÐJÊÂJÁÇM#ÇÔJÁÂ¸Ð¹Å�Å¸LÊ³JÊÂÇM#ÇÂÆ°ÇM#
ÇåÆÊÂÒ¸×JÇM# !0¶
ÂJºÂ/³¸Ê/ºÉ¸³¸Â·0#»  M#³J¹ÊÞM#ÇÓ³´äÞÇM#ÇÖÆÁ¸×ÆÊÂ¹Å�Å¸LÊ³JÊÂÇM#ÇÁ¸LÍÂÇM#ÇÔJÁÂ¸Ð¹Å�Å¸LÊ³JÊÂÇM#Ç³¸ÌÌÅ
JÇM#ÇåÆÊÂÒ¸×JÇM# !0¶

ºÅ¹ÕJÅ/ÇÙÇM#ÇåÆÊÂÒ¸×JÇM# !0¶
¾Å¹ÕJÅ/ÇÞÇM#ÇåÆÊÂÒ¸×JÇM# !0¶
LÁ¸Ì#ÆÊ¶
¹º¸·#JÀ´¹Å¶

·JÂ/LÐ¹M#ÇåÆÊÂÒ¸×JÇM# !0¶

ÍÆÅÌ#ÆÄÄ¶
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9: #29 – MATLAB ?@ (15/17)
•��(?@`
ÂJ³°JÁ¹Â´ÁJ·äÐJÅ·¸´· µ#Î ¦K�§M#! K¥¢M#!¡K¤§M#!!K!!M#! K!§M#!!K ¦M#!¡K¦£M# §K£¢M#! K¢!M#!¡K ¦Ï¶

¹Ðä·¹ÅJ· µ#Î�¤§K¥!M#£!¢K ¡M#£  K¢ M#£¢!K§ M#£!¡K!�M#£¢¡K¦¦M#£ �K§£M#�§!K¦§M#£!¡K§¤M#£¡¥K ¤Ï¶

ÂJ³°JÁ¹Â´ÁJ·äÄ¹ÍÁJÊÍJ¸Â µ#/ÂJ³°JÁ¹Â´ÁJ·äÐJÅ·¸´· ¼#§¿£0#½#¢!¶

Ä¸L´ÁJ¶
·´Õ°ÅÆÂ/ M#!M# 0¶
·Ð¹ÂÂJÁ/ÂJ³°JÁ¹Â´ÁJ·äÐJÅ·¸´·M#¹Ðä·¹ÅJ·M#ÇÄ¸ÅÅJÌÇM#ÇÕÅ´JÇ0¶
ºÅ¹ÕJÅ/ÇæJ³°JÁ¹Â´ÁJ#/�È0Ç0¶
¾Å¹ÕJÅ/Ç�È#Ò¹ÅJ·Ç0¶
Â¸ÂÅJ/ÇÈJÅ·¸´·#ß·#�È#Ò¹ÅJ·Ç0¶
LÁ¸Ì#ÆÊ¶

·´Õ°ÅÆÂ/ M#!M#!0¶
·Ð¹ÂÂJÁ/ÂJ³°JÁ¹Â´ÁJ·äÄ¹ÍÁJÊÍJ¸ÂM#¹Ðä·¹ÅJ·M#ÇÄ¸ÅÅJÌÇM#ÇÁJÌÇ0¶
ºÅ¹ÕJÅ/ÇæJ³°JÁ¹Â´ÁJ#/�å0Ç0¶
¾Å¹ÕJÅ/Ç�È#Ò¹ÅJ·Ç0¶
Â¸ÂÅJ/Çå¹ÍÁJÊÍJ¸Â#ß·#�È#Ò¹ÅJ·Ç0¶
LÁ¸Ì#ÆÊ¶
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9: #30 – MATLAB ?@ (16/17)
•��(?@c(MA]K\
mu = 0;
sigma1 = 1;
sigma2 = 2;
k = 2;

x = linspace(mu - 4*max(sigma1, sigma2), mu + 4*max(sigma1, sigma2), 1000);

pdf_normal1 = (1/(sigma1 * sqrt(2 * pi))) * exp(-0.5 * ((x - mu)/sigma1).^2);

pdf_normal2 = (1/(sigma2 * sqrt(2 * pi))) * exp(-0.5 * ((x - mu)/sigma2).^2);

figure;
plot(x, pdf_normal1, 'Color', [0.678, 0.847, 0.902], 'LineWidth', 2);
hold on;
plot(x, pdf_normal2, 'Color', [0.698, 0.933, 0.509], 'LineWidth', 2);
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9: #31 – MATLAB ?@ (17/17)
•��(?@c(MK]K\
plot([mu mu], [0 0.4], 'k--', 'LineWidth', 1);

legend('σ = 1', 'σ = 2');

hold off;

xlabel('X');
ylabel('Probability Density');

ylim([0, 0.4]);

grid on;


